GLOBAL UNIQUENESS FROM PARTIAL CAUCHY DATA IN TWO 

DIMENSIONS 



OLEG YU. IMANUVILOV, GUNTHER UHLMANN, AND MASAHIRO YAMAMOTO 

Abstract. We prove for a two dimensional bounded domain that the Cauchy data for the 
Schrodinger equation measured on an arbitrary open subset of the boundary determines 
uniquely the potential. This implies, for the conductivity equation, that if we measure the 
current fluxes at the boundary on an arbitrary open subset of the boundary produced by 
voltage potentials supported in the same subset, we can determine uniquely the conductiv- 
ity. We use Carleman estimates with degenerate weight functions to construct appropriate 
complex geometrical optics solutions to prove the results. 



1. Introduction 

We consider tlie problem of determining a complex- valued potential g in a bounded two 
dimensional domain from the Cauchy data measured on an arbitrary open subset of the 
boundary for the associated Schrodinger equation A + g. A motivation comes from the clas- 
sical inverse problem of electrical impedance tomography problem. In this inverse problem 
one attempts to determine the electrical conductivity of a body by measurements of voltage 
and current on the boundary of the body. This problem was proposed by Calderon |i9j and is 
also known as Calderon's problem. In dimensions n > 3, the first global uniqueness result for 
C^-conductivities was proven in [2H]. In [25], [5] the global uniqueness result was extended 
to less regular conductivities. Also see [B] as for the determination of more singular conor- 
mal conductivities. In dimension n > 3 global uniqueness was shown for the Schrodinger 
equation with bounded potentials in [28]. The case of more singular conormal potentials was 
studied in [T4j . 

In two dimensions the first global uniqueness result for Calderon's problem was obtained 
in [23] for C^-conductivities. Later the regularity assumptions were relaxed in [6], and p]. 
In particular, the paper [2] proves uniqueness for L°°- conductivities. In two dimensions 
a recent result of Bukgheim [7] gives unique identifiability of the potential from Cauchy 
data measured on the whole boundary for the associated Schrodinger equation. As for the 
uniqueness in determining two coefficients, see [lOj, [19] . 

In all the above mentioned articles, the measurements are made on the whole boundary. 
The purpose of this paper is to show the global uniqueness in two dimensions, both for the 
Schrodinger and conductivity equation, by measuring all the Neumann data on an arbitrary 
open subset T of the boundary produced by inputs of Dirichlet data supported on F. We 
formulate this inverse problem more precisely below. Let Q C R^ be a bounded domain 
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:i-2) A,(/) = 7: 



with smooth boundary, and let u be the unit outward normal vector to dVt. We denote 
1^ = Vu ■ V. A bounded and non-zero function 7(x) (possibly complex- valued) models the 
electrical conductivity of ^2. Then a potential u G H^i^C) satisfies the Dirichlet problem 

, s div(7VM) = in fi, 

^ u\ = f 

where / G H^(d^l) is a given boundary voltage potential. The Dirichlet-to- Neumann (DN) 
map is defined by 

du 

du on 

This problem can be reduced to studying the set of Cauchy data for the Schrodinger 
equation with the potential q given by: 

More generally we define the set of Cauchy data for a bounded potential q by: 

(1.4) = I (^u\9n, ^\^^ \ {A + q)u = Oonn, uE H^Q)"^ . 

We have Cq C H^dn) x R-^dn). 

Let r C dQ be a non-empty open subset of the boundary. Denote Tq = dQ \ T. 

Our main result gives global uniqueness by measuring the Cauchy data on T. Let qj G 
C^"'""(f2), J = 1,2 for some a > and let qj be complex- valued. Consider the following sets 
of Cauchy data on an F: 

(1.5) = I; If) |(A + g,)M = Oonf], M|ro=0, u e H\n)Y j = 1,2. 

Theorem 1.1. Assume Cq^ = Cg^. Then qi = q2- 

Using Theorem 11.11 one concludes immediately as a corollary the following global identifi- 
ability result for the conductivity equation fll.lj) . 

Corollary 1.1. With some a > 0, let 7^- G C^+"'{n), j = 1,2, be non-vanishing functions. 
Assume that 

Kif) = Kif) r for all f G supp f C f . 

Then 71 = 72- 

Notice that Theorem 11.11 does not assume that fl is simply connected. An interesting 
inverse problem is where one can determine the potential or conductivity in a region of the 
plane with holes by measuring the Cauchy data only on the accessible boundary. Let fl, D 
be domains in with smooth boundary such that D (zVL. Let V C dVL be an open set. Let 
qj G C^+°(fi \ D), for some a > and j = 1,2. Let us consider the following set of partial 
Cauchy data 

_ (^11 

Cqj = {iu\v, 'g^\v)\i^ + = mn\D, u\aDudn\v = 0,ue H^{^1)}. 



PARTIAL DIRICHLET-TO-NEUMANN MAP 



3 



Corollary 1.2. Assume Cq^ = Cq^. Then qi = q2. 
A similar result holds for the conductivity equation. 



Corollary 1.3. Let 7^- G C'^^"'{Q \D) j = 1,2 be non vanishing functions. Assume 
A,Af)=KU) ^nV V/ e H'^{d{Tl\D)), suppf C V 

Then 71 = 72- 

Another application of Theoren ll.ll is to the anisotropic conductivity problem. In this case 
the conductivity depends on direction and is represented by a positive definite symmetric 
matrix 

a = {a'^} on Q. 

The conductivity equation with voltage potential g on dfl is given by 

dxi ^ dxj ^ ' ' 

ij=i 

u\dn = 9- 

The Dirichlet-to-Neumann map is defined by 

2 



du 



i,j=i ■> 



\dn- 



It has been known for a long time that A^. does not determine a uniquely in the anisotropic 
case |23j. Let F : — > f2 be a diffeomorphism such that F{x) = x for and x from dQ. Then 

where 

= \d^\ ■ 

Here DF denotes the differential of F, {DF)^ its transpose and the composition in (11.61) 
is matrix composition. The question of whether one can determine the conductivity up to 
the obstruction (11.61) has been solved for conductivities in [21], Lipschitz conductivities 
in [26] and merely conductivities in [3]. The method of proof in all these papers is the 
reduction to the isotropic case performed using isothermal coordinates [2Z|- Using the same 
method and Corollary ll.il we obtain the following result 

Theorem 1.2. Let = {<y^k} ^ C^^°'{VL) for k = 1,2 and some positive a. Suppose that 
are positive definite symmetric matrices on VL. Let T C dVL he some open set. Assume 

KMW = KM\t ^9 e H'^{dn), suppg c r. 

Then there exists a diffeomorphism 

F-.n^n, Flon = Identity, F e a > 

such that 

F^ai = (T2- 
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To the authors' knowledge, there are no uniqueness results similar to Theorem 11.11 with 
Dirichlet data supported and Neumann data measured on the same arbitrary open subset of 
the boundary, even for smooth potentials or conductivities. In dimension n > 3 Isakov [18] 
proved global uniqueness assuming that Fq is a subset of a plane or a sphere. In dimensions 

> 3, [8] proves global uniqueness in determining a bounded potential for the Schrodinger 
equation with Dirichlet data supported on the whole boundary and Neumann data measured 
in roughly half the boundary. The proof relies on a Carleman estimate with a linear weight 
function. This implies a similar result for the conductivity equation with conductivities. 
In [21] the regularity assumption on the conductivity was relaxed to C^/'^+°' with some a > 0. 
The corresponding stability estimates are proved in [|15j. As for the stability estimates for 
the magnetic Schrodinger equation with partial data, see p9|. In [20], the result in [8] was 
generalized to show that by all possible pairs of Dirichlet data on an arbitrary open subset r+ 
of the boundary and Neumann data on a slightly larger open domain than dQ \ r+, one can 
uniquely determine the potential. The method of the proof uses Carleman estimates with 
non-linear weights. The case of the magnetic Schrodinger equation was considered in [TT] 
and an improvement on the regularity of the coefficients is done in [22]. Stability estimates 
for the magnetic Schrodinger equation with partial data were proven in |29j . 

In two dimensions the first general result was given by the authors in [17]. It is shown 
that the same global uniqueness result as [20] holds in this case. The two dimensional case 
has special features since one can construct a much larger set of complex geometrical optics 
solutions than in higher dimensions. On the other hand, the problem is formally determined 
in two dimensions and therefore more difficult. The proof of our main result [TT] is based on 
the construction of appropriate complex geometrical optics solutions by Carleman estimates 
with degenerate weight functions. 

This paper is composed of four sections. In Section 2, we establish our key Carleman 
estimates, and in Section 3, we construct complex geometrical optics solutions. In Section 
4, we complete the proof of Theorem II. 1[ In the Appendix we consider the solvability of 
the Cauchy Riemann equations with Cauchy data on a subset of the boundary. We also 
establish a Carleman estimate for Laplace's equation with degenerate harmonic weights. 



2. Carleman estimates with degenerate weights 

Throughout the paper we use the following notations: 

Notations 

i = -\/— T, a;i,a;2,G,^2 G R, ^ = Xi + ix2, C = + ^^2, z denotes the complex conjugate 
of 2 G C. We identify x = {xi,X2) G with z = Xi + 1x2 G C. = \{dx^ — ic^ajj, dz = 
+^^^0:2)! H^'^^^fl) denotes the space H^{fl) with norm H'W ||^i,r(Q) = ll'^ll/i'i(r2) + ''"^lkllL2(f7)- 
The tangential derivative on the boundary is given by df = 1^2-^ — ^^1^5 with u = (z/i, 1^2) 
the unit outer normal to dfl, B{x,6) = {x G R^||x — x| < 6}, f{x) : R^ R"^, /" is the 
Hessian matrix with entries g^J^ . - ^{X, Y) denotes the Banach space of all bounded linear 
operators from a Banach space X to another Banach space Y. 
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Let ^{z) = f{xi, X2) X2) G C'^{Q) be a holomorphic function in Q with real-valued 

ip and ip- 

(2.1) d^^iz) = in fi. 
Denote by 7i the set of critical points of a function $ 

7^ = {2 e n|a^$(2) = 0}. 

Assume that $ has no critical points on the boundary, and that all the critical points are 
nondegenerate: 

(2.2) nndn = {0}, ^X^) ^ o, e 7^. 

Then we know that $ has only a finite number of critical points and we can set: 

(2.3) n = {xi,...,Xi}. 
Consider the following problem 

(2.4) Am + qQU = f in n, u\ro = 9, 
where u is the unit outward normal vector to dQ and 

To = {x e dn\{u,Vip) =0}. 

We have 

Proposition 2.1. Let go G L°°{Q). There exists Tq > such that for all |r| > tq there exists 
a solution to problem such that 



(2.5) \\ue-^^L^^n) < C{\\fe-^^L^n)/V\r\ + Wge-^^mr,)). 

For the proof, see Proposition 2.2 in [17J and Proposition 15.21 in appendix. 
Let us introduce the operators: 



1 f9{(,0,,^,^ 1 f giCO 



See e.g., pp. 28-31 in [31] where d^^ and are denoted by T and T respectively. Then we 
know (e.g., p. 47 and p. 56 in [31]): 

Proposition 2.2. A) Lei m > be an integer number and a G (0, 1). The operators 
d^\d-^ G £(C™+"(n),C'"+°+i(n)). 

B; Lei 1 <p < 2 an(i 1< 7 < T/ien (9r\9-i G /:(Lp(1]), L'' ((])). 

We define two other operators: 
(2.6) R^,rg = e-(*(^"*(^))9ri((7e^(*(^)-*(^)), R^,^g = e-(*M-*{^))5;i(^e^(*{^)-*R)). 
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Proposition 2.3. Let g G C"(i7) for some positive a. The function Rqi^rQ is a solution to 

(2.7) d^R<s^,r9 - T{d^^{z))Rq>^r9 = 9 'i-nVt. 
The function Ris,^r9 solves 

(2.8) d,R^,r9 + r{dMz))R^,r9 = 9 ^nQ. 

The proof is done by direct computations (see the proof of Proposition 3.3 in [T7]). 
Denote 

0, = {x e Q\dist{x,dQ) < e}. 
Proposition 2.4. Let 9 E C^(i7) and g\o^ = 0, g{x) 7^ for all x E H. Then 

(2.9) \R^^r9{x) \ + \R^,r9{x)\ < Cmax |5'(a;)|/r 

for all X E 0^/2- If 9 E C^{n) and gin = 0, then 

(2.10) \R^,r9ix)\ + \R^,r9{x)\ < C/t^ 
for all X E Oe/2- 

The proof uses the Cauchy-Riemann equations and stationary phase (e.g., Section 4.5.3 
in [13], Chapter VII, §7.7 in See also the proof of Proposition 3.4 in fTT] . 

Denote 

r{z) = 11^=1(2; - Zk) where H = {xi, xj, Zk = Xi^k + ^^2,fc- 
The following proposition can be proved similarly to Proposition 3.5 in |17j : 

Proposition 2.5. Let g E C^{Q) and g\c)^ = 0. Then for each 6 E (0, 1), there exists a 
constant C{6) > such that 

(2.11) 

\\R^Ariz)9)\\LHn) < Cm9\\cHn)/\r\'-', \\R^ Ari^) 9) h^n) < Cm9\\cHn)/\r\'-' ■ 

Henceforth we set ipi = Kedz^ = dx^f and 1IJ2 = ImS^^ = dxj^ip- We also need the 
following result, which we can be proven in the same way as Proposition 2.1 in [17]. Note 
that 

dx,{e-'^^v)e'^^ = dx,v-tTtlj2V 

and 

etc. which follow from the Cauchy-Riemann equations. 

Proposition 2.6. Let $ satisfy l[2.1\) and Let f E L^(fi) andv be solution to 

(2.12) 2d,v - T{d,<i>)v = f mVL 
or V be solution to 

(2.13) 2d^v - T{d^'^)v = f inn. 
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In the case ^MUB) we have 

\\9,Ae-"*v)l\l'm 
(2.14) A - A) a. + l|a„(e-*5)||i. 

In the case that v solves Ii2.13\) we have 

\\d.Ae"^v)h2^n)-r [ {V^,iy)\v\'da + Re [ i{{-V2^ 
J an J an \\ ci^i 



T / {\/(p, i')\v\'^da 
Jan 



2 



d 



+ vi -7: — V ) vda 



dx 



(2.15) 

We have 
Propositic 

(2.16) 



2 

L2(n)- 



+ 



L2(n) 



R'S>,t9 



= 0. r/ien 










as r 


L2(C) V^/ 





-00. 



Proo/. By and Proposition [Ml 

(2-17) l|-R*,r^llc(07) + ll^*,r^llc(07) = O (^^^ . 

Therefore instead of fl2.16p it suffices to prove 



(2.18) 
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+ 



L2(n) 



9 









as r 


L2(n) V^/ 





-00, 



where xi ^ C'cTl^) ^'^^ Xi\n\o,/2 = 1- Denote w = xiR^,t9 — Here we note that 

^ G L°^(l]). This follows from (Q, c/ G ^^(n) and g\n = 0. Then (2.8) and 
yield 







(2.19) d,w + T{d,^)w = -d, + id,xi)R'i>,r9 in f^, 

Note that by (12. 2p and the fact that = 0, we have: 
(2.20) 



w\an = 0. 



dz9 9 d^z^ 



< 



C 



Consider the cut off function x ^ such that 

X > 0, xls(o,i) = 1- 

By (I22DD and Proposition OB), 



(2.21) 



in L^(fi) as |r| — > +cxo. 
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In fact, fixing large |r|, small 6 > and p > 1 such that p — 1 is sufficiently small, we apply 
Proposition O B) and to conclude 

2 



< 



< 



fc=i 

e 

k=l 



|x((x-J,)ln|r|)r 



p 



dx 



\x{{x - Xk) ln\r\)\f- 



X — Xk\P 



-dx < C" 



|x(pln|r|)|V-Prfp 



Thus we get (I2.2ip by Lebesgue's theorem. 
By Proposition 12.51 we obtain 



in L'^{Q) as |r| +00. 



Therefore fl^:^ and fl^:^ yield 



(2.23) 



9.$ 



0(1) as r — >■ +00. 









as r 


°7 





Denote w = w + ^XiR'f,Tidzi^)). 
By (12.231) . it suffices to prove 

(2.24) Mmn) 
In terms of (2.19) and (12. 7p . observe that 

(2.25) d,w + T{d,<l>)w = f inQ, w\dn = 0, 
where / = Hd,Xi)R^Ad.i^)) + {d,Xi)R^,r9. By ^M) and (EUD, 



(2.26) 



L2(n) 



as r 



-00. 



Noting w\dQ. = 0, applying Proposition 12.61 to equation (12.251) and using (I2.26p . we obtain 
(I2.24p . As for the first term in (2.18), we can argue similarly. The proof of the proposition 
is completed. □ 

3. Complex geometrical optics solutions 

In this section, we construct complex geometrical optics solutions for the Schrodinger 
equation A + gi with qi satisfying the conditions of Theorem 11.11 Consider 

(3.1) LiM = Am + giM = in fi. 
We will construct solutions to (13. ID of the form 

(3.2) Mi(x) = e"*(^)(«(^) + ao(^)/r) + e'''^\a{z) + ai(z)/r) + e^'^Wn + e^'^Wia, Mi|ro = 0. 
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The function $ satisfies (El]), O and 

(3.3) lm$|ro = 0. 

The amphtude function a{z) is not identically zero on Q and has the following properties: 

(3.4) aeC^m, = 0, Rea|r, = 0. 

The function un is given by 

1 . . , 1 



(3.5) uu = --e'^^R<pA(^i{d^'M - Mi{z))) - -e''^^ R^^^rMd:\a{z)q^) - M,{z))) 



e-'/' e2{d^\aq,) - M,{z)) e"-'^ e2id-\a{z)qi) - M^{z)) 



T 4(9^$ T 4(9^$ 

where the polynomials Mi{z) and Ms{z) satisfy 

(3.6) ^l{^^\aq^) - M^{z)) = 0, xen,j = 0,1,2, 

(3.7) a^{d;\aq,){z)-M,{z)) = 0, xen,j = 0,l,2. 

The functions 61,62 G C°°{Q) are constructed so that ei + 62 = 1 on n, 62 vanishes in some 
neighborhood of 7i and ei vanishes in a neighborhood of dQ and we set 

w, = -^e^*^$,.(ei(9-i(agi) - M^{z))) - ^6^^R^,.r{6li^;\'^)q^) - M,{z))) 

and 



6-" 62{d^\aqi) - M,{z)) 6^^ 62{d-\a{z)q^) - M^{z)) 
Wo — t: — ^ ■ 

r 49^$ r 4(9^$ 

Finally Oq, cti are holomorphic functions such that 



id^\aq^) - M,iz)) , (9;i(a(2;)gi)-M3(^)) 



(aoiz) + a,{z))\r, = ' ' ' \' ^ ^ + 



49^$ 4a $ 



Then, noting (9^$ = d^^, (ETj) and ([23]), we have 

Awi = AdzdzWi 

= -3,(e^*a^$,r(ei(ari(agi) - M^{z))) + (ra$)e^*^<,,.(ei(9ri(agi) - M^{z))) 
- a(e^%i?$,-.(ei(9;^(agi) - M^{z))) + (ra^)e^*i?4.,-.(ei(aji(agi) - M3(z))) 
= -U6^^6,{d=\aqi) - Mi(z))) - a(e^*ei(9;i(agi) - M3(^))). 
Moreover 

= Ad:,d^W2 

= -Ue^''{62{d=\aq{) - M,{z))) - a(e^%(5;i(agi) - M^{z))) 



^^^^ f 62{d^\aq,)-M,{z)) \ _ ^^^^ 62{d;\a{z)q^- Msjz) ) 
4ra$ / \ 4ra$ 
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Therefore 

(3.8) A(une"^) = A{wi + W2) = -aq^e^^ - aq^e^^ 



By (I33D and (EJD, observe that 

(3.9) (e"*(^)a(z) + e"*^^^) Ir,, = 0. 
By Proposition 12.11 the inhomogeneous problem 

(3.10) A(Mi2e^'^) + giMise^'^ = -giWne^'^ + hie^'P in Vt 

(3.11) U12 = -Mil on To, 
has a solution where 



^ / e2(g,~H«(^)9i)-Mi(^)) \ ^ /^ e2(c^7H^(^)gi)-M3(^)) 



(3. 12) — ao^ie^*/ r — oTgie^*/ r. 

Then, by ([32D and ([3SD - fl3:T2|l . we see that ([31]) is satisfied. 

By Proposition 12 . II there exists a positive tq such that for all |r| > tq there exists a solution 
to fl3l0|) . fl3ni|) satisfying 

(3.13) ||^/l2||L2(n) = o(-). 

r 

This can be done because 

llgiMii + /ii||l2(q) < C{6)/t'^'^ W6 E (0, 1); ||-uii ||l2(oq) = o(^) 

and (Vif, u) = on Tq. The latter fact can be seen as follows: On dQ, the Cauchy-Riemann 
equations imply 

which is the tangential derivative of -0 = Im$ on dQ. By (13.31) we see that the tangential 
derivative of vanishes on Tq. 

Consider the Schrodinger equation 

(3.14) L2V = Av + q2V = in Q. 

We will construct solutions to (13.14^ of the form 

(3.15) 

v{x) = e-"*(^)(a(z) + bo{z)/T) + e-^'"^'\a{z) + h{z)/T) + e-^'^Vn + e-^'^Vu, v\r, = 0. 
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The construction of v repeats the corresponding steps of the construction of ui. The only 
difference is that instead of qi and r, we use q2 and — r respectively. We provide the details 
for the sake of completeness. The function vu is given by 

1 . ... , 1 



(3.16) Vu = --e-*^^i?<,,_.(ei(ari(g2a(^))-M2(z)))--e*^'^i?$,,(ei(9;i(g2a(z))-M4(z))) 



^ e-'^^ e2id^\aq2) - M2iz)) ^ e'^^ e2id-\aiz)q2) - M^jz)) 

where 

(3.17) di{d^\aq2) - M2{z)) = 0, xen,j = 0,1,2, 

(3.18) d'^{d;\aq2){z) - M,{z)) = 0, xeH, j = 0, 1,2. 
Finally bo, hi are holomorphic functions such that 



{d=\aq2) - M2{z)) {d-\a{z)q2) - M,{z)) 
+ ^ iff ' 

Denote 



h2 = e—^A / g2(g-HQ(^)g2)-M2(2;)) \ ^ ( e2{d-\a{z)q2) - M^{-z)) 



&o(2;)^_^$(2) _ M^g-r*(2) 



The function f 12 is a solution to the problem: 

(3.19) A(t;i2e-"'^) + ^2^^126^"'^ = -g2t^iie""'^ - /i2e""^ in Vt, 

(3.20) t,^2|ro = -^^iilro- 
such that 

(3-21) ||^^i2||L2(n) = o(-)- 

r 

4. Proof of the theorem. 

We first apply stationary phase with a general phase function $ and then we construct an 
appropriate weight function. 

Proposition 4.1. Suppose that $ satisfies Ii2. I[27^) and Ii3.3\) . Let {xi, . . . ,Xi} he the set 
of critical points of the function Im^. Then for any potentials qi,q2 G C^^°'{VL), a > with 
the same Dirichlet-to- Neumann maps and for any holomorphic function a satisfying Iji3.4\ ), 
we have 

, , A7r(g|a|2)(Sfc)i?ee2-^"^*(^) /• , , 

(4.1) 2 J] ' , + / ?(«o&o + a,h,)dx 

\{detlm^"){x^)\2 Jn 
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where we set 

q = qi- q2- 

Proof. We note by the Cauchy-Riemann equations that + ixi^2, + ^^^,2} = {-2 G 

Q\ dzl'in^iz) = 0}. Let Ui be a solution to (13.11) and satisfy fl3.2p . and U2 be a solution to 
the following equation 

Au2 + q2U2 = inQ, U2\dn = ui\dn. 
Since the Dirichlet-to-Neumann maps are equal, we have 

Vm2 = Vmi on r. 

Denoting u = ui — U2, we obtain 

(4.2) Au + q2U = -qui m Q, u\9n = —\^ = 0. 

Let f satisfy (13.141) and (I3.15p . We multiply (14.21) by v, integrate over Q and we use 
v\ro = and g = on r to obtain j^qmvdx = 0. By (E^D, (ElSl), (l37[5ll and (13211), we 
have 

= / gMit;c;x= / g(a2 + a2 + |a|V(*-*) + |ape"(*-*) 

H \ hMiie^(ae + ae ) 

T r 

(4.3) +(ae"* + ae"*)t;iie-"'^)rfx + o (^^^ , r > 0. 

The first and second terms in the asymptotic expansion of (14. 3 p are independent of r, so 
that 

(4.4) / q{a^ + a^)dx = Q. 
Using stationary phase (see p. 215 in [13]. cf. [16]), we obtain 

(4.5) / ,(|aPe'<-'> + H=e'('-.).x = 2 f ^^l"P(^ORee'-'I-»<^>' ^ / A 
in r|(detlmt")(ii-)l* 

Here by the Cauchy-Riemann equations, we see that sgn(Im $"(5;^)) = 0, where sgn A 
denotes the signature of the matrix A, that is the number of positive eigenvalues of A 
minus the number of negative eigenvalues (e.g., [T3|, p. 210). Moreover we use (2.2) and the 
Cauchy-Riemann equations to see that 

detlm<|."(z) = -{d,A.^f - [dly^r ^ 



PARTIAL DIRICHLET-TO-NEUMANN MAP 13 

since (9f$ = —jdl_^Lp — ^idxj^dx2'^ ^ in H. We calculate the two remaining terms in (14. 3p . 
We get: 



(4.6) [ guiie"'^(ae-"* + ae-"*)cix 

Jn 

= ~\J^^ {e-*^$,.(ei(9ri(agi) - M^{z))) 

+ e"*/?$,_,(ei(9;^(agi) - M^iz)))^ (ae""* + ae-^^)dx 



r 49,$ r 49,$ ^ 

(gai?$,^(ei((9^^(agi) - Mi (2:))) + gai?$ _^(ei((9j^(agi) - M3(z))))(ia; 

X 



- [ {qaR^,r{ei{d=\aqi) - Mi(z)))e"(*-*) + qaR^^_M{d:\aqi) - M;,{z)))e-^^'"'^^)da 
4 Jn 

^' r 49,$ r 4a$ ' 



a e2(9^^(agi)-Mi(^)) ^ a e2(g7Ha(^)90 - A^3(^)) \ 
c^\r 49,$ r 49,$ 

= /1 + /2 + /3 + /4. 

We compute Ji and I2 separately. By Proposition 12. 7[ (13. 6p and stationary phase (e.g. 
p. 215 in pJij), we get 

(4.7) ^2 = -7 / {qaR^,M{d=\aq,) - Mi(^)))e^(*-*) 

4 Jn 

+ qaR^^_r{ei{d;\aqi) - M^{z)))e-^'-^~^^)dx 

1 f ^^i^^.(9ri(agi)-Mi(z))e^-I^* + ^(9,-^(agO-M3(z))e-^-Md^ 



+ ol - 1 = o( - 



By Proposition 12.71 we obtain 

(4.8) /, ^ -1 / e, f + (9,-^(.,0-M3(.))X _^ / 1 
Using stationary phase again and ( 13. 6p we conclude that 

(4.9) = ° (7 
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Similarly 

(4.10) / gt;ne-"'^(ae"* + ae^*)rfx 

Jn 

= -\j g{e-^*^*,-.(ei(9ri(ag2)-M2(z))) 

J f2 



(ga^$,_,(ei(9ri(ag2) - M^{z))) + gai?$,,(ei(a;i(ag2) - M4(z))))(ix 

\ [ [gae^(*-*)(^<i',-r(ei(9ri(ag2) - M2(;2))) + qae^^^-"^ R^,r{eiid;\aq2) - M^{z)))]d 
4 Jn 

' e--(^-^)ae2(.9fi(ag2)-M2(z))) ^ e-(^-^) aealg-^^Mga) - M4(^)) ' ^ 



/■ /a e2(c^f^(ag2)-M2(^))) a e2(g,-H«(^)g2^- M4(^)) \ ^ 

= Jl + J2 + ^3 + Ja- 

By ( ]3.17p and Proposition 12.71 we have 

4.11 Ji = — / ei ga^^^^f- — ^ + ga " ^ ^'J— — ^ ) dx + o ( - 

The stationary phase argument, fl3.17p and Proposition 12.71 yield 
(4.12) 

h = --! [gae^(*~*)^$,_.(ei(9ri(ag2)-M2(^)))+gae^(*-*)i?<,,.(ei(9;^(ag2)-M4(^)))]d 
4 Jo. 

By the stationary phase argument and (13.171) . we see that 
(4.13) h = o'^ 



X = o 



T 



Therefore, applying (gS]), (gl]), flCTj) . fli:T2D . M and in (gJD, we conclude that 



>^ /r(g|a|2)(xfc)Ree2^-I"^*(^*) 



fc=i 



|(det Im$")(xfc)|- 



,4.14) (^" '^''^'t; + ''^'li ''^'" ) - 

as r — s> +00. Passing to the hmit in this equality and applying Bohr's theorem (e.g., [4], 
p. 393), we finish the proof of the proposition. □ 
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We need the following proposition in the construction of the phase function $. 
Let yi, . . . ,ym & ^- Denote by 7^ = (7l{yi), . . . , IZijjm)) the following operator: 

'^{yk)g = iu{yk),d^u{yk),dlu{yk)), 

where 

(4.15) dzU = in Q, Imwlro = 0, lio^u\f, = g. 
We have 

Proposition 4.2. The operator TZ: C^{f) C^"" satisfies ImU = C^"". 

Proof. We note that IniT^ = C'^™ if and only if the closure of ImR is equal to C^™. Our proof 
is by contradiction. Assume that 

Im7^ ^ C^'", 

then there exists a nonzero vector 

(4.16) A = (Al Al Al..., A^, A^, A^) G C^"^ G (Im7^)^. 

It is known that the problem fl4.15p for a fixed g has solution if and only if 

gwdz = 



ro 



for all w such that 



(4.17) dgw = infi, w\dn = z'{s)-f{s). 

Here 7(5) is a real-valued function, z{s) is the parametrization of dQ. 
Let the function p be a solution to the boundary value problem 

m 

(4.18) d,p = - Vk) - - Vk) + AdlK^ - Vk)). 

k=l 

(4.19) Re[iz'is)p]\9n = 0. 

By (14.161) a solution to (I4.18p . (I4.19p exists. Let the function m be a solution to problem 
fITOl) . Since 

[ pgdz = ing,A) = 0, 
Jan 

using the boundary condition (14.191) and Holmgren's theorem, we have p = p + w with w 
solving (I4.17P and p such that suppp C {yi, . . . , ym}- Since p is a distribution we have that 
that p = J2\a\<j{k) Ck,aD''6{x - yk). 

This implies that (I4.18P is possible only if A = which is a contradiction. □ 
End of proof of Theorem 1.1 
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Proof. We will construct a complex geometrical optics solution of the form ( ]3.2p where $ 
and a satisfy (12.11) . (12.21) . (13.31) and (13.41) . Let a{z) be a solution to the Riemann-Hilbert 
problem 

dza = in Q, Rea|ro = 

which is not identically zero in Q. Let x be an arbitrary point from Q such that a{x) ^ 0. 

Next we construct a holomorphic function $ such that x & Q = {x & Q \ dz^{x) = 0}, 
Im$(x) 7^ Im$(a;) if x & Q and x y^x. 

Now we construct the function $. Let Cl he a bounded domain in such that C ^2, 
Fq C dQ, dCl n {dQ \ Tq) = 0. By Proposition 14.21 there exists a holomorphic function u in 
Cl such that Imwlro — ^"^^ u{x) = dzu{x) = 0, and diuix) ^ 0. In general the function u 
may have critical points on the boundary. Let C dVt \ Fq such that u does not have any 
critical points on F*. 

Next we construct a holomorphic function p such that u + ep does not have a critical 
points on dVL for all sufficiently small positive e and Rep|ro = 0. In order to do this we use 
Proposition 15.11 proven in the Appendix. We set up appropriate Cauchy data for the Cauchy- 
Riemann equations (15. ip (see Appendix). On Fq we set Rep|ro = and = —q^ < 

on Fq. Let j9 be a holomorphic function in Vt such that Rep|ro = and |^ = < on 

Fq. Obviously the function u + ep does not have any critical points on Fq for all nonzero e. 
On the other hand it might have a critical points on the remaining part of the boundary 
dVL \ Fq. The number of such a critical points is finite and the function |Vup has a zero 
of finite order at these points. By using a conformal transformation if necessary, we may 
assume that dVL \ Fq is a segment on the line {x2 = 0}. Let {{yk, 0)}^i be the set of critical 
points of the function u on the boundary Fq. 

We divide the set {yk}k=i i^^o sets Oi and Let us fix some point yk- By Taylor's 
formula i^(xi,0) = Ci(xi - yk)^'+^ + o((xi - yk)'''+^) and f^(xi,0) = C2(xi - yk)^^+^ + 
o((xi — t/fe)"^^^) with some (ci, C2) 7^ 0. If C2 7^ and K2 < Ki we say that y^ G Oi. If Ci 7^ 
and K2 > Ki we say that yk & 

Let us consider two cases. Let yk G Oi. Then if K2 is odd we take the Cauchy data 
for a holomorphic function pk be such that Repk = and is positive near yk if C2 is 

positive , ^i^^ is negative near yk if C2 is negative and small on dQ \ F*. If K2 is even and 
Ki 7^ K2 we take the Cauchy data such that ^^^§^{yk) — 1, ^^^(l/fc) — 1 are small otherwise 

Let yk G 02- Then if ki is odd we take the holomorphic function pk such that is 
positive near yk if Ci is positive , is negative near yk if ci is negative and small on 

dVL \ F,. If Ki is even we take ^^{yk) - 1, ^^{yk) - 1 to be small. Now we have finished 
the construction of a Cauchy data on Fq and in a neighborhood U of the set {{yk, 0)}^^. On 
the part of the boundary c}f2\(FoUWUF*) we continue Imp, Rep up to smooth functions. By 
Proposition 15.11 and general results on a solvability of the boundary problem for dz operator 
there exists a holomorphic function p which satisfies the above choice of the Cauchy data. 

Denote by Ti^ the set of critical points of the function u + ep on Q. By the implicit function 
theorem, there exists a neighborhood of x such that for all small e in this neighborhood the 
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function u + ep has only one critical point x{e), this critical point is nondegenerate and 

(4.20) x(e) ^ X, as e ^ 0. 

Let us fix a sufficiently small e. Let = {xk,e}i<k<N{e)- By Proposition \4:.2\ there exists 
a holomorphic function w such that 

(4.21) w\ro = 0, w{xk,,) ^ w{xj^^) for k ^ j, d^w\n, = 0, d^wln, ^ 0. 
Denote = u + ep + 6w. For all sufficiently small positive 5 

n,cgs = {xe n\d,<i>six) = 0} 

and 

(4.22) inf \<^si£{e))~My)\>Cie)>0, C(e) = 0(5). 

We show now that for all small positive 6 the critical points of the function $5 are nondegen- 
erate. Let x be a critical point of the function u + ep. If x is a nondegenerate critical point, 
by the implicit function theorem, there exists a ball B{x, 61) such that the function $5 in this 
ball has only one nondegenerate critical point for all small 6. Let x be a degenerate critical 
point of u + ep. Without loss of generality we may assume that x = 0. In some neighborhood 
of 0, we have d^^s = J^tLi ~ ^J^kLi^kZ^ for some integer positive k, some Ci 7^ 
and thanks to (14.211) some 61 7^ 0. Let zs G Qs and zs 0. Then either 

(4.23) zs = or 4 = Sh/ci + o{S). 

Therefore dl^{zs) 7^ for all small 6. Hence we can apply Proposition 14. II to conclude 

J2 g(x)c(x)e=^*^I^*^(^) = 0. 

By (14. ip c(x(e)) is not equal to zero. Also we claim that for all small positive 6 

(4.24) lm^s{x{e)) ^ Im$5(x) Vx G such that x(e) 7^ x. 

Really, suppose that there exists a sequence X5 G Qf, such that Im$5(x(e)) = Ivn^^ix^ as 
b +0. Then taking if it is necessary a subsequence we have that X5 — x G Tie and 
x(e) 7^ X. In that case Im$5(x) = Im$5(x(e)). On the other hand since, 

00 00 , 

= $.(^(e)) + E — |— - - ^ E FrT(- - ^)'^"^ 

we have from f l4.23p 

00 00 , 

<|.,(x(e)) - $,(x(e)) = $,(£) - $,(x(e)) = ^ , , (^^ - 5)'^'^' " ^ E TrXT^"^ " 

00 



for all sufficiently small positive 5. 

Since the exponents are linearly independent functions of r, thanks to (14.241) we have 
g(x(e)) = 0. Thus (14.201) implies g(x) = 0, finishing the proof. □ 
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5. Appendix. 

Consider the Cauchy problem for the Cauchy-Riemann equations 
(5.1) i(,,,,) = (|^-^.^ + |^) = .no, (^,*)|,„ = B = (M.).M.)). 

The following proposition establishes the solvability of (15. ip for a dense set of Cauchy 
data. 

Proposition 5.1. There exist a set O C C"'^(ro) such that for each B E O problem 1(5. 1\) 
has at least one solution {4>,ip) G C'^{Q) and O = C^(ro). 



Proof. Consider the following extremal problem 

(5.2) J(0,^) = 11(0,^) - + 4i<P,mmdn) + - ||AL(0,^)||J.(^) inf, 



(5.3) (0,V')eA'. 

Here X = {(5(x) = {6i,62)\S G H\Q),AL6 G L\Q),L6\an = 0,6\9n G H^dQ)}. 

For each e > there exists a unique solution to (15. 2p . (I5.3p which we denote as {(peyi^t)- 
By Fermat's theorem (see e.g. [T] p. 155) we have 

J'(0„^,)[5] = O, \/6eX. 

This equality can be written in the form 

i),) -B,6) + e((?„ fy, 6)H2ian) + -(AL(J„ V^,), AL6)L2in) = 0. 

This equality implies that the sequence {(0e,V'e)} is bounded in H'^{Tq), the sequence 
{e(0e, ■j/'e)} converges to zero in H'^{dQ) and I ^AL{(f)^,ilj^) \ is bounded in L^(f2). 



Therefore there exist q G //^(Fq) and p G L^(f2) such that 

(5.4) (0„ fy-B^q weakly in H^Tq) 
and 

(5.5) (g, 5)^2(ro) + (P, AL5)i2(f,) = V5 G A'. 
Next we claim that 

(5.6) Ap = inn 

in the sense of distributions. Suppose that (15. 6p is already proved. This implies 

{p, ALS)L2^n) = W6e H\n), L6\an = -g^\an = 0. 
This equality and (15.50 yield 

(5.7) (g, 5)^.(p^) = V5 G H\n), L6\an = ^\an = 0. 
Then using the trace theorem we conclude that q = and (15. 4p implies that 

(0,, , J - 5 - weakly in (Fq) . 
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By the Sobolev embedding theorem 

(l^,i,J-B^O in C'CTo). 
Therefore the sequence — (^e^^'^efc)}, with 

represents the desired approximation for the solution of the Cauchy problem f lS.ip . 

Now we prove (15.61) . Let x be an arbitrary point in Q and let x be a smooth function such 
that it is zero in some neighborhood of dQ \ Fq and the set B = {x & Q\x{x) = 1} contains 
an open connected subset such that x ^ T and Fq fl is an open set in d^. By (15. 5p 

= (p, AL(x5))L2(f^) = (xp, AL5)i2(f^) + (p, [AL,x]5)L2(n). 

That is, 

(5.8) (xp, AL5)i2(f,) + ([AL, ?>)L-isi) =0 V(5 G A'. 

This equality implies that xp G iJ^(f2). 

Next we take another smooth cut off function X\ such that supp Xi C i3. A neighborhood 
of X belongs to E\ = {x\xi = 1}, the interior of Bi is connected, and Int Bi fl contains 
an open subset O in dQ. Similarly to (15.91) we have 

(5.9) (xiP, AL5)i2(f,) + ([AL, xi]>, 6)L2(n) = 0. 

This equality implies that xiP ^ H'^{^). Let a; be a domain such that utHfl = 0, duHdQ C 
O contains an open set in dfl. 
We extend p on by zero. Then 

{^{XiP), L6)l2 (nui,) + ([AL, x]*P,5)L2(Qua;) = 0. 

Hence 

L*A{xip) = in Int Bi U u, = 0. 
By Holmgren's theorem A{xip)\iiit Bi ~ ^' ^^^^ (^P)(^) ~ ^- '-' 
Now we prove a Carleman estimate for the Laplace operator. 

Proposition 5.2. Suppose that $ satisfies (2.1), (2.2). Let u G HI{VL) is a real valued 
function. Then we have: 

(5.10) < C(||(An)e^1|i2(^) + r ^ ||^| V^-rfa). 
Proof. Denote v = ue'^'^, Au = f and 

n+ = {x e dn\{Vifi, u) > 0}, n^ = {xE dn\{V(fi, v) < o}. 

Observe that A = and v9(xi,X2) = \{^{z) + ^{z)). Therefore 
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Denote w^ = Q(z){2§= - t§)v,W2 = g(z)(2f - rf f = M^uX^) + 1^X1,^2), 
Q{z) is some holomorphic function in Q which does not have zeros in ^2. Thanks to the zero 
Dirichlet boundary condition for u we have 

-dv , _ , / . ^ .dv 



wi\dn = '2Q{z)d^v\dn = {ui + i'^2)Q{z)-^\dn: W2\9n = 2Q{z)d^v\dQ = {ui - iu2)Q{z)-^\dn. 
By Proposition 2.6 



'dO, '-"^ JdQ 

d 



+ ||(^^ + V^lrH||k^) = ||g/e^^ll'- 



and 

^ r r 

, - + #,r)*,||i.(^) -^JJ^"^^ -)l^?ri^r^^ + Rej^^^{i-u,— + u,—)w,)w,da + 



Ida '-"^ Jan 

d 



+ll(^^ - V'ir)«;2||i2(n) = WQfe'm^^ny 



Let us simphfy the integral Rei JgQ{{t^2^ — i^i^)u!i)wida. We recall that v = ue'^'^ and 
wi = Q{^{ui + W2)§ = Q{z){ui + iu2)^e^'^. Denote A + iB = Q{^{ui + iv^). We get 

^ f d d \ ~ \— , 

Re/ i{{i'2j. yi—)wi)wida^ 

Jan <^^i C'X2 

Re [ i{{u2^~i^,^)[{A + iB)^e^^]){A-iB)^e^^da^ 
Jga 0x1 0x2 dv dv 

COO Oij 
Re / V, ){A + iB)]\ — \^){A-iB)da + 

Jqq dxi dx2 dv 

Re / UA^ + B^){{v2^-v,^)&^da^ 
Jan 2 dxi 8x2 dv 

f (d^AB -dfBA)\^\^da. 
Jan dv 

Now we simplify the integral Re /aQ^((~^2g|^ + ^i-^)w2)w2da. We recall that v — ue'^'^ 
and W2 — {vi — iv2)Q{z)^ — 2{vi — iv2)Q{z)^e^'^ . A straightforward computation gives 

f d d ^ 

Re / i{{-V2^ [- Vi——)w2)w2da = 

Jqq dxi dx2 

^Van^f^-^^^ + ^^^^^^ - ^^^^'^1^^^^ + ^^^'^ - 

Re / Ua^ + B'){{V2^ - v,^)&^da ^ 
Jan 2 dxi dx2 dv 

f (dfAB - dfBA)\^\''da. 
Jan dv 
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Using the above formula we obtain 



„v^^^+#2r)^;2||i2(n) + ll(^^-^ir)^^2||i2(f,)-2r j (zy,V<^)|gh — rrfa 

ll(^ -#2r)il;i||i2(f^) + II + 11^2(^2) 
(5.12) +2/ (9M5-9.^5A)| — |2da = 2||Q/e^^||i2(f,). 



an 



Let V'A: be functions such that 



ox I 0x2 



We can rewrite equahty (15.121) in the form 

^'^^^*2)|li2(^) + Il^(e-^'^^^*2)|li2(^) - 2r Jju,V^)m^\'da 



dxi 



( A(e-'-*Oili,o, + II J^(e--u..)lli,„, 



(5.13) +2/ (9M5-9,^5A)| — |2rf(T = 2||g/e 



Ian 

Observe that there exists some positive constant C , independent of r, such that 

^(ll^^illi^(n) + Il^2iii2(^)) < ^Il^(e^^^^*2)iii2(^) + ^ll^(e^'^^^*2)iii2(o) 

dv 



(5.14) l||_|_(,-.*^^OIli,o, + i|l^(e*'».)lli,., 



Since f is a real-valued function we have 



dv dv 

11^7^:7 + ^^i^lli^(f^) + 1127^ - ^^2^iii2(f,) < Co(||«)i||i2(^) + ii*2iii2(f,)). 



Therefore 

dv 

(5.15) +||rV^i5||i2(f^) + 4|| — ||^2(n) + Ik^2^^|li2(n) < C'ldl^illi^cn) + ll*2||i2(Q)). 
By the Cauchy-Riemann equations the second integral is zero. 

Now since by assumption (12. 2p the function $ has zeros of at most rder two we have 
(5-16) r\\v\\l2^^) <C{\\v\\]ji^^) + T^\\\^\v\\l2(^)). 



By dHED, 



(5.17) r\v\\^^. + ||t^||Hi(m +^lli7-|^^lli2(m < C7i(||wi||^2.f^) + 
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By flBTfl) we obtain from (l57[3il . (Km 

X, ii~ii2 ii~ii2 2iii I ~ 1 1 2 \ f / . \ I (^t^ 1 2 J 

(5.18) +^^2(5M5-5,SA)||^rrfa< ||/e-^||i.(^) + r^|(i.,Vvp)|||^rcia. 

Using Proposition 15. II we make a choice of (^(-z) such that {d^^AB — di^BA) is positive on f q. 
This concludes the proof of the Proposition. □ 
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